In this paper, we investigate Moufang p-loops of nilpotency class at least three for p > 3. The smallest examples have order p 5 and satisfy the following properties: (1) They are of maximal nilpotency class, (2) their associators lie in the center, and (3) they can be constructed using a general form of the semidirect product of a cyclic group and a group of maximal class. We present some results concerning loops with these properties. As an application, we classify proper Moufang loops of order p 5 , p > 3, and collect information on their multiplication groups.
Introduction
Ruth Moufang introduced the concept of a quasigroup in the 1930's as the abstraction of the multiplicative structure of alternative division rings. Nowadays, these are called Moufang loops and are quite near generalizations of groups, with weakened associativity. The links between algebra (alternative rings, octonions), geometry (Moufang planes) and group theory (triality, representation of exceptional Lie groups) explain the importance of this class.
In some sense, the development of the theory of Moufang loops followed closely the development of group theory. For example, after the classification of finite simple groups, finite simple Moufang loops were classified by M. Liebeck. In general, one can say that so far, the focus was on the study of the simple and semisimple structures of this class. The only exception is the theory of commutative Moufang loops, where the main result was reached by Bruck and Slaby. Roughly speaking, they showed the local nilpotence and described the structure of the multiplication group in details. Another important nilpotent Moufang loop is the Cayley loop of order 16, which can be constructed from an orthonormal basis of the real octonions.
In [3, 4] , Glauberman and Wright showed that finite Moufang p-loops are centrally nilpotent. It seems to be strange that for p > 3, relatively few examples of Moufang ploops are known, among them one in Example VII.5.3 by Bruck [1] and one of order p 5 by Wright [11] . The reason for the lack of constructions was explained by Tim Hsu in [6] . He showed that for p > 3, the Moufang p-loops of nilpotency class 2 are associative. In a weaker form, this result occurs already in Leong Fook's papers [8, 9] , where he shows that for p > 3, Moufang loops of order p 4 are associative and Moufang loops of order p 5 are associative modulo their center.
The original aim of the authors of this paper was simply to construct many Moufang p-loops for p > 3 and to collect information on their multiplication group. This task led us naturally to Moufang loops of order p 5 and of nilpotency class 3. Since Moufang loops are diassociative, a proper Moufang p-loop of class n has order at least p n+2 . If equality holds, then we speak of a Moufang loop of maximal class. Moreover, it is also obvious that the examples of order p 5 are minimal in the sense that modulo the center, they are associative. With other words, we met the class of Moufang loops with central associators.
In this paper, we first investigate the class of Moufang loops with central associators and their multiplication group. The main results are the following. Let L be a Moufang p-loop, p = 3, and assume L/Z(L) to be associative. Then, L/N(L) is a commutative group and the nilpotency class of the multiplication group Mlt(L) equals to the class of L. Starting from any group M, we give a general method to construct Moufang loops with central associators. Similarly to semidirect product of groups, we are able to give the internal characterization of this construction, as well. Furthermore, we show that if M is a p-group of maximal class, than this product gives a proper Moufang loop of maximal class. We use the theory of the core of Moufang loops in order to find a group M of maximal class in any proper Moufang loops of order p 5 , p > 3. In this way, we can construct all such loops. To deal with the problem of isomorphism, we introduce a characteristic subgroup of index p. The final result is that for each prime p > 3, there are exactly 4 nonisomorphic proper Moufang loops of order p 5 .
Terminology and notation
All loops considered are Moufang, that is, they satisfy the Moufang identity x(y(xz)) = ((xy)x)z. The commutator and the associator elements
is the normal subloop generated by the associator (commutator and associator) elements of L.
Central associators and nuclear commutators
In this section, we consider Moufang loops with the property that the associator subloop is contained in the center. We first highlight some results on such loops that are contained in [ 
Now we prove a consequence of the condition L * Z(L).
The equality above will be used several times in the following calculation together with Lemma 2.1.
Now, since
We prove (a −1 b −1 , ab, e) = 1 for any e ∈ L. In fact Moreover
which, applied twice, implies
We stress as a consequence the following
In this case the associator map is linear in each variable.
The theorem applies of course to Moufang p-loops, p = 3, with associator subloop contained in the center.
Nilpotency class of multiplication groups
One shows by induction on the nilpotency class that for nilpotent L, γ i+1 (L) is generated as a subloop by the elements
The following hold:
By Lemma 2.1 and (2), the map L x,y is antisymmetric and homogeneous in x and y. Moreover, in any Moufang loop L x,y is a left pseudo-automorphism with companion
We show (5) . The map u is a left pseudo-automorphism with companion c if and 
In particular, if L * has no elements of order 3 then
Proof. Define
and put
We show this for i 3 only, the cases G = H 2 and [G,
As we mentioned at the beginning of the section, elements [x, c i ] and some associators generate γ i+1 (L) . Considering that any element L c i+1 is the product of elements L [c i ,x] and inner maps L c i ,x , we have the proof of our claim. Therefore, γ i (G) = H i for all i. The particular result in the case in which L * has no elements of order 3 is clear by Theorem 2.3. 2
As a corollary we have the following
then the nilpotency class of the multiplication group is n, otherwise it is n + 1. In particular, if n 3 and L * contains no elements of order 3 then the nilpotency class of the multiplication group is equal to the nilpotency class of the loop.
The general construction
We write Z k for the (additive) cyclic group of order k. 
(ii) g is bilinear and alternating, which means
Define the operation
Proof. We first note that these properties imply f (1)
. One checks easily that the solutions of the equation
Using the properties of f and g, similar calculation shows the Moufang identity.
Applying the properties of f and g several times, one obtains equality. Hence,
In the sequel, we identify the group M and subgroup {0} × M of L(k, M, f, g).
(ii) The commutator of the elements (i 1 , m 1 ) and 
From this equality we deduce in particular that g is linear in each variable. The fact that f and g satisfy the equality (6) 
The above calculation implies that the map (i, m) → w i m is a loop-homomorphism of
The kernel of the homomorphism is clearly N and the statement follows. 2
Moufang loops of maximal class
Definition 5.1. A group of order p n and nilpotency class n − 1 is said to be of maximal class if n 4. Definition 5.2. Let L be a Moufang loop of order p n and nilpotency class n − 2. We say that L is of maximal class if L is proper and n 5.
Obviously, if the Moufang loop L has order p n and nilpotency class n − 1, then the Frattini subloop has order p n−2 . This means that L is generated by two elements, therefore it is not proper. This observation implies that the elements of the lower central series of L have orders p n , p n−3 , p n−4 , . . . , 1.
Let M be a group of maximal class of order p n . We indicate with 
Proof. By Hsu's result [6, Theorem A], a Moufang loop of nilpotency class 2 is necessarily associative when p > 3. Hence the nilpotency class of L is 3 therefore L has order p 2 and 
Starting from a group of maximal class, we present two ways to construct maximal class Moufang loops. As expected, we use the loops L (p t , M, f, g ). However, if M is a maximal class group, one can get rid of f and g. 
Since p > 3, we can choose u, v ∈ Z p such that α + 6v = β − 6u = 0, which imply f (s) = f (s 1 ) = 1. This means that we can bring f to a unique normal form via an appropriate map Φ. This proves the independence of L(p t , M, f, g) on f and g up to isomorphism. 2
Assume t 2 and use the common notation Ω 1 (Z p t ) for the subgroup consisting of elements satisfying px = 0. With other words,
From the preceding theorem we deduce that L θ (t, M) is a nonassociative Moufang loop as well.
When M is a p-group of maximal class (p > 3) we have the following version of Proposition 4.3: has generators s, s 1 such that s 1 ∈ M 1 , [s, w] = [s 1 , w] = 1 and (s 1 , s, w) = z where z is a fixed generator of Z(M).
Proof. By Proposition 4.3 and Lemma 5.5 we deduce that when
and m ∈ Z(M), thus we may consider the map
where (i, m) ∈ N . We have that θ is an isomorphism, and we set (
and
Proof. Note that f (M) = g(M, M) = Z(M). By Proposition 4.2(i), (ii) we deduce Z(M) = Z(L) and moreover L/Z(M) is isomorphic to the direct product of groups
and L has nilpotency class at most n − 2, but since it contains M we have that L is a proper Moufang loop of maximal class n − 2. 
is a 3-dimensional vector space with the alternating trilinear form (·,·,·). Hence, on any subspace K/N(L), the associator bracket is trivial.
Multiplication groups of maximal class Moufang loops
Now, we collect results on the multiplication group of L(1, M) and L θ (2, M).
Lemma 6.1. Let L be a Moufang p-loop of maximal class satisfying L * = Z(L). Then the inner maps L x,y generate the group of central automorphisms of L.
Proof. We remind that the automorphism u of L is said to be central, if u(z) = z and
One can easily show that for a central automorphism u,
The map u →ū is an isomorphism between the group of central automorphisms and Hom(L/L , Z(L)). The latter has order p 3 for the Moufang loop L of maximal class.
Proof. Denote by CAut(L) the group of central automorphisms of L and by T x the conjugation map y → x −1 yx. One knows that T x is a pseudo-automorphism with companion x 3 . By Lemma 6.1, L x,y = CAut(L) and by Inn(L) = L x,y , T x | x, y ∈ L , we have (2, M) . Then Mlt(L) has order p 2n+1 and nilpotency class n − 2.
Proof. For any loop
Clearly, the orbit of 1 under K is Z(L). Using Lemma 6.2, we obtain |K| = |Z(L)
follows immediately. The statement on the nilpotency class is a direct consequence of Theorem 3.2 and Proposition 5.7(i). 2
Moufang loops of order p 5
As an application of the construction given in Section 4 we present the classification of the nonassociative Moufang loops of order p 5 for p > 3. 
(ii) L contains a proper normal subgroup of nilpotency class 3. In particular, |M| = p 4 and
Proof. (i) By Lemma 5.3 the nilpotency class of L is 3. Moreover, L is generated by at least 3 elements, thus H 2 ) is independent on the choice of θ . This proves (ii). 2
Proof. Consider L θ ε (2, H 3 ) as internal product and define the subgroup K = w −1/ε g 1 g 2 , g 3 , g 4 Table 1 Constants
There is another way to complete the classification of the proper Moufang loops of order p 5 , p > 3: The structure of L 1 can be obtained for any L(1, M) and L θ (2, M) directly. Further, one shows that Z 2 (L) is not contained in L 1 . In the final step, one constructs L from L 1 using Theorem 4.1. We leave the details for the reader.
